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To provide insight into the factors causing recrystallisation of nickel-based single crystal

superalloys, analysis of the thermal–mechanical deformation caused by investment casting of

these components is presented. Three-dimensional thermal–mechanical finite element analysis is

first used to demonstrate that the reaction of the casting and mould—at least in the aerofoil

section—can be approximated as one-dimensional. One-dimensional models are then built

based upon static equilibrium for plasticity on the microscale caused by differential thermal

contraction of metal, mould and core, using temperature dependent material properties. The

models take various forms to study the mechanical response under different situations relevant to

practical applications. The results indicate that the plastic strain causing recrystallisation is likely

to be induced during cooling at temperatures above 1000uC. The relative importance of thicker

and stiffer ceramic shells is studied. Our analysis indicates that it is important to account for creep

deformation for such applications.
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Introduction
Turbine blades used for jet engine applications are in-
vestment cast from nickel based superalloys, often in
single crystal form. However, recrystallisation can
occur—with associated grain boundaries thus intro-
duced—during the subsequent heat treatment steps
needed to remove the interdendritic microsegregation
inherited from solidification processing.1–4 This is an issue
particularly for modern aerofoils, which have intricate
cooling passages, of the type needed to restrict metal
temperatures to reasonable levels.5

Despite its importance for practical applications, very
little is known about the factors causing recrystallisation
in these alloys.6,7 Answers to some critical questions are
needed. For instance, at what temperature is the plastic
strain causing recrystallisation induced in the casting?8,9

What is the influence of the relative cross-sections of
mould and metal? Is there any influence of cooling
rate?10 What are the relative importance of the various
material properties needed to describe the process?11,12

Answers to these fundamental questions would aid in
the design of more efficient foundry practice and better

processing-friendly blade designs and provide concomi-
tant benefits in terms of fuel economy and performance.
That modelling can be used to analyse this process has
been proven,13 with a thermal model of the solidification
of a single crystal investment casting being coupled with
a microstructural analysis of the competitive grain
growth process.

The work reported in the present paper was carried
out with the above in mind. Numerical analysis is
presented to identify the factors causing casting-induced
plasticity14 and thus recrystallisation in these materials.
The relative importance of the different thermal–
physical and mechanical properties are accounted for.
We concentrate particularly on a simplified one-dimen-
sional (1D) analysis having shown this to be largely
valid, although it should be noted that the physical
descriptions employed are quite generic and therefore
well suited for more sophisticated analyses in two- or
even three-dimensional, which might become possible in
the future.15

Background: mechanical deformation
during investment casting
In order to place the present work in context, the results
of a thermal–mechanical analysis of the casting of a
representative turbine blade geometry are considered
first. It is not the purpose of the present paper to
consider the methods used in great detail; instead, the
results are used to inspire the further more detailed
analysis that is presented in the rest of the paper. For
simplicity, a solid casting is analysed of representative
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dimensions, without the cooling passages that are
usually present. The shroud and platform regions are
typical of those seen on a real component. The thermal
analysis of this problem and geometry has been
presented in detail by Dai et al.;16 however, the
mechanical behaviour has not been investigated as yet.

The geometry has been christened the VeriCAST
casting. It processed a withdrawal rate from the furnace
of 6?3661025 m s21; the cooling rate is estimated to be
,0?83uC s21 at a temperature of 1300uC. The casting is
made from the CMSX-4 superalloy using an alumina
based shell material; these are assumed to be plastically
deformed and elastically deformed respectively; tempera-
ture dependent materials along solidification direction
n001m are employed under the assumption of elastic
isotropy. Following Newell,17 validation of the thermal
model has been performed using an industrial scale
investment casting facility at the University of
Birmingham. It can be seen that the thermal model
recovers accurately the thermocouple readings (Fig. 1).
Our analysis indicates that the effective stress in the
turbine aerofoil cross-section does not vary strongly
within the aerofoil, provided that one is far enough away
from the platform and shroud regions (Fig. 2). Figure 3
illustrates how the stress generated in the casting direction
varies with temperature, at the middle of the aerofoil
cross-section at midheight. The stress component is largest
in the withdrawal direction and does not vary significantly
across the section. This one can be seen via the definition
of the effective stress (the von Mises stress) defined by

seff~
1

2
(s1{s2)2z(s2{s3)2z(s3{s1)2
� �� �1=2

(1)

Figure 3 essentially shows that

seff&s1 (2)

The results confirm that the stress component s1 in the
withdrawal direction is largest with the other two
components s2<s350. Moreover, Fig. 4 confirms that

that the stress builds up at the middle position at L2 before
the top position at L3 becomes totally solid.

These results indicate that it is possible to simplify the
mechanical response of the system to be 1D, at least to a
first approximation. In view of the many uncertainties
concerning the materials data and the most appropriate
constitutive equation to employ, there is value in
assuming this to be the case and determining the
response of the system that then occurs. This was the
rationale for the work reported in the present paper.

Preliminaries
Based upon the theory of 1D linear isotropic thermal
elasticity, the stress and strain behaviour of a superalloy
in the solidification direction can be expressed by

sel~Eeel (3)

where sel, E and eel are the stress, Young’s modulus and
elastic strain respectively. The first assumption that can
be introduced is to treat the superalloy and shell as a
closed system, so that no external force is applied;
consequently, the thermal contraction strain is then
distributed between the elastic, plastic (time independent
plastic deformation) and creep (time dependent plastic
deformation) strains that are generated. The sum of
strains is zero, consistent withX

e~eelzeplzecrzeth~0 (4)

where epl, ecr and eth are the plastic, creep and thermal
contraction strains respectively. An isotropic hardening
criterion can be used to describe the variation of the
stress s to the yield stress sy the ultimate yield stress s‘

and hardening exponent H according to

s~s?z(sy{s?)exp {Hepl
� �

(5)

Throughout the calculations that follow, we take
H50?3. For the time dependent plastic deformation,

1 Temperature measurement in VeriCAST model reported by Newell17
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we can define the creep rate from Norton’s law con-
sistent with

:
ecr~

1

g
exp {

Q

RT

� �
sn (6)

where
:
ecr:decr=dt, g52?261026 s21 is the viscosity

parameter assumed to be constant, Q is the activation

energy that is 870 kJ mol21, R is the gas constant, T is
temperature and n is the stress exponent that is taken to
be 10. These values should be regarded as best estimates,
in the absence of the better measurements that are made
later in the thesis. Where not explicitly stated overwise,
the creep strain ecr has been determined by integration
over a temperature interval consistent with

2 Effective stress results at three cross-sections of VeriCAST testpiece

3 Stress as function of temperature generated within VeriCAST model

(6)
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ecr~

ðtf

ti

:
ecrdt (7)

where ti and tf are the initial and final times respectively.
As for the thermal contraction strain eth, it is propor-
tional to the temperature via the thermal expansion
coefficient a so that

eth~aDT~a(T{Tref ) (8)

where Tref is a reference temperature. By making use of
the equations (4)–(7), equation (3) becomes

sel~E({epl{ecr{eth) (9)

The stress and strain build-up within a superalloy can be
calculated via the above set of equations.

Description of analysis methods
The 1D contraction of a bar of the CMSX-4 superalloy
within a ceramic mould is modelled. A constraint is
assumed, whereby the superalloy and shell adhere to-
gether during solidification and subsequent cooling to
room temperature. The cooling rate used for the calcu-
lation is taken to be 50uC min21 (0?83uC s21), which is
representative of the investment casting process
employed. Consistent with the equilibrium condition,
any forces other than those arising from shrinkage are
neglected. Two distinct situations are considered: the
shell being completely rigid and the shell being capable
of deforming elastically so that some elastic accommo-
dation is possible.

Treatment of superalloy
For the superalloy, three distinct behaviours are considered.

Linear elastic model: no plasticity

For this case, consider equation (4): only two strains,
elastic and thermal, are considered. The others are set to
zero. The elastic strain in this scheme is derived directly
from the thermal strain. The stress can then be obtained
directly from the elastic strain and Young’s modulus.

Elasto-plastic model

The above can be modified to account for the plastic
strain as follows. Ignoring any time dependent creep
deformation, three strains must be accounted for, namely,
thermal, elastic and plastic. The thermal strain must be
partitioned into elastic and plastic components. Note that
when the isotropic hardening criterion of equation (5) is
employed, the calculated stress will be different from that
determined from the linear elastic model.

Elasto-visco-plastic model

The elasto-visco-plastic model model is likely to be the
most rigorous treatment for the behaviour of the
superalloy. This is because the elastic, plastic and creep
strains are taken into account and decoupled. The
decoupling of inelastic strains is assumed to be the sum
of them and independent of each other.

Treatment of ceramic shell and core
Ceramic shell

When the elastic deformation of the shell is taken into
account, it is helpful to define the ratio of cross-sectional
areas Ss

f according to Ss
f~Salloy=Sshell, where Salloy and

Sshell are the cross-sections of alloy and shell respectively.
Consistent with the equilibrium of stress, one then has

Ss
f s

el
alloyzsel

shell~0 (10)

The assumption made further is that the strain in the
superalloy is equal to that in the shell

eel
alloyze

pl
alloyzecr

alloyzeth
alloy{eel

shell{eth
shell~0 (11)

Two different shells have been studied in the present
work.

Ceramic core

When the elastic deformation of a ceramic core is to be
taken into account, one can in a similar way define
Sc

f ~Salloy=Score so that

Sc
f sel

alloyzsel
core~0 (12)

where Salloy and Score are areas of the superalloy and
ceramic core on a given cross-sectional plane. The

4 Variation of fraction solid at location L3 and effective stress at location L2 during solidification
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assumption made further is that the strain coming from
the superalloy is equal to that from the core

eel
alloyze

pl
alloyzecr

alloyzeth
alloy{eel

core{eth
core~0 (13)

Plasticity approximation
The plasticity within the superalloy can be calculated by
making use of equation (5). By assuming that the plastic
strain accumulated in the superalloy is of order 1023 or
less, the exponential term in equation (5) can be ap-
proximated using Taylor’s series18 so that

exp xð Þ~
XN

n~0

1

n!
xn (14)

In all calculations, only the first order term is kept, i.e. N
5 1. The plastic strain can then be estimated for three
cases.

Superalloy sits within perfectly rigid shell

When the elasto-visco-plastic model model is active, the
plastic strain is expressed by

e
pl
alloy~

syzEeth
alloyzEecr

alloy

H(sy{s?){E
(15)

In the limiting case that the elasto-plastic model is used,
ecr

alloy is set to zero in the above.

Superalloy sits in elastic shell

When making use of equations (10) and (11), a dimen-
sionless parameter is defined according to

k:Ss
f

ealloy

eshell

(16)

where Ealloy and Eshell are the Young’s moduli of the
superalloy and shell respectively. The plastic strain can
now be written

e
pl
alloy~

syz ealloy= 1zkð Þ
� �

eth
shell{eth

alloy{ecr
alloy

� 	
H sy{s?
� �

{ ealloy= 1zkð Þ
� � (17)

Once again, when the elasto-plastic model is applied, the
term ecr

alloy is set to zero.

Superalloy surrounds elastic ceramic core

In this case, the superalloy contains a ceramic core that
resists its contraction. Here, it is useful to define a
dimensionless parameter l according to

l:Sc
f

ealloy

ecore

(18)

where Ecore is the Young’s modulus of the ceramic core.
Taking advantage of equations (12) and (13), the plastic
strain in the superalloy according to elasto-visco-plastic
model model is given by

e
pl
alloy~

syz ealloy= 1zlð Þ
� �

eth
shell{eth

alloy{ecr
alloy

� 	
H(sy{s?){ ealloy= 1zlð Þ

� � (19)

If ecr
alloy is zero, one defaults to the limiting case of the

elasto-plastic model.

Stress relaxation
When the elasto-visco-plastic model model is used, creep
will be taken into account. Relying on the isotropic

linear thermal elasticity used above, equation (4) is
differentiated with time, so that

deel

dt
z

depl

dt
z

decr

dt
z

deth

dt
~0 (20)

Simplications to it are possible. For a given temperature,
the thermal strain is constant and the plastic strain is time
independent; consequently, using equation (3), one has19

decr

dt
~{

1

E

dsel

dt
(21)

Substituting equation (6) into equation (20), a first order
ordinary differential equation for the stress is arrived at

dsel

dt
z

E

g
exp {

Q

RT

� �
(sel)n~0 (22)

This can be integrated at constant temperature to yield

sel(t)~ s0{(1{n)
E

g
exp {

Q

RT


 �
t

� 1= 1{nð Þ
(23)

where s0 is the applied stress.

Calculation methods and materials data
The numerical calculations have been conducted mainly
using purpose built codes within the Matlab software.
Some limited calculations have been carried out via the
finite element method (FEM) using the Procast software.
Regardless of the calculation procedures employed,
temperature dependent material properties are needed.
For the CMSX-4 superalloy, mechanical data corre-
sponding to the n001m direction have been taken from
the literature: Young’s modulus,20 thermal contrac-
tion coefficient,21 yield strength22 and ultimate yield
strength.23 Note that some interpolation and extrapola-
tion have been necessary to generate materials data up
to 1300uC, close to solidus temperature of the super-
alloy. Table 1 summarises the materials data used in the
present work, which are referred to as shell 1 and shell 2.
The first is a Al2O3 based material and the second is a
SiO2 based one. Values of Young’s moduli were taken
from Nair and Jakus24 and Pabst et al.,25 and thermal
expansion coefficients from Green26 were used. Further
data that were considered to be representative of a
ceramic core were taken from Refs. 24–26. The assumed
material data for the ceramic materials are summarised
in Table 2.

Results

Behaviour of superalloy in rigid shell
Linear elastic model

If purely elastic properties are assumed for the metal, the
thermal stress expected from cooling of a CMSX-4 bar
under a rigid constraint can be estimated. Figure 4
shows the predicted strain evolution with temperature in
this case, namely, the variation of thermal strain ethermal

and elastic strain eelastic with temperature. The calcula-
tion is based upon a reference temperature of 1300uC,
which is approximately the solidus temperature of
CMSX-4.

One can see that the elastic strain increases mono-
tonically with decreasing temperature in an approximately
linear fashion. The thermal strain is of equal magnitude
but opposite sign; thus, the sum of the two strains is zero
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as assumed previously. The calculated stress is consistent
with the strains given in Fig. 4 and increases approxi-
mately linearly with decreasing temperature; this is
consistent with the FEM results for the VeriCAST blade,
which are presented in Fig. 3. The calculated stresses,
particularly below 600uC, are appreciably greater than the
0?1% proof strength (Fig. 4). This confirms that plasticity,
both rate independent and at higher temperatures rate
dependent, needs to be accounted for.

Elasto-plastic model

In the elasto-plastic model, the total strain is partitioned
into elastic and plastic components. It can be seen in
Fig. 5 that plastic deformation is predicted to occur
from 1300 to y1100uC, and then as the temperature
falls further, the total accumulated plastic strain stays
constant. Within this temperature interval, the beha-
viour remains elastic. When the temperature fall below
,650uC, there is a dramatic increase in plastic strain; at
this stage, the elastic strain declines continuously.
Clearly, the stress level predicted are very high, higher
than the yield stress of the material at low temperatures,
indicating that plastic yielding is a strong possibility.
The stress results given in Fig. 6 illustrate the variation
of calculated stress and yield stress with temperature.
Above 1100uC, the predicted stress matches the experi-
mental 0?1% proof strength, but at lower temperature, it
falls below it. Below 650uC, thermal stress is again
greater than the yield stress. Thus, in the absence of
stress relieving mechanisms and certainly if stress con-
centration effects are present, plasticity must occur.

Elasto-visco-plastic model model

The elasto-visco-plastic model model accounts for
thermal, elastic, plastic and creep strains. Figure 7
summarises results from this model. Strains generated
within the superalloy are illustrated in Fig. 8. It is clear
that there are at least four zones in which differing
behaviour is expected. In zone A, the superalloy starts
yielding during the very early stages of the cooling
process (between 1300 and 1200uC). This is because the
proof strength is very low at these temperatures as
shown in Fig. 8, and the thermal contraction stress
exceeds it. In zone B, the proof stress increases rapidly to
exceed the thermal stress; consequently, accumulation of
plastic strain ceases. However, the temperature is still
sufficiently high for creep strain to be accumulated from

1200 to 1000uC. Thus, creep and elastic deformation
happens in this region. In zone C, from y1000 to 600uC,
the proof strength is above the thermal stress, so there is
only elastic deformation in this zone. Finally, below
600uC in zone D, the proof strength is again much lower
than the stress; as a result, plastic straining is predicted
to occur and to continue up to 0?6%. The superalloy
work hardens following the isotropic hardening criteria
that has been assumed. During this stage, the stress
build-up in the superalloy decreases but is slightly higher
than the 0?1% proof strength, see Fig. 9. This region has
a significant increase in plastic strain and a decrease in
elastic strain.

The cooling rate used in the present work is
0?83uC s21, which is the same as VeriCAST model, the
results from which are quoted in Fig. 1. The effect of the
cooling rate during solidification is of interest. The effect
of cooling rates of 0?1, 1 and 10uC s21 has been
modelled as seen in Fig. 10. It can been seen that slow
cooling rate can delay the significant increase in plastic
strain within the superalloy.

Behaviour of superalloy in elastic shell and
surrounding ceramic core
Effect of elastic shell

So far, the shell has been assumed to be perfectly rigid.
Elastic deformation of the shell will now be taken into
account. As before, it is assumed that the superalloy and
shell adhere to each other during cooling.

The results are shown in Fig. 11. One sees that the
stress in the superalloy depends in a sensitive fashion
upon the ratio Ss

f~Salloy=Sshell and therefore the
thickness of the shell used. With a greater thickness of
shell, the plasticity that is induced in the superalloy is
larger. One can see that from Fig. 12 the plastic strain
that built up within the superalloy, when taking elastic
deformation of the shell into account, is lower than for

Table 1 Materials data for CMSX-4 used for analysis

Temperature/uC

CMSX-4

Ealloy
20/GPa aalloy

21/61026 K21 sy
22/MPa s‘

23/MPa

20 127 6.0 805 935
100 125 11.4 808 943
200 122 12.0 812 958
300 118 12.4 820 970
400 114 12.7 828 993
500 110 13.0 838 1023
600 106 13.5 870 1064
700 101 13.9 960 1136
800 96 14.4 870 1195
900 90 14.9 660 1035
1000 84 15.6 450 757
1100 80 16.8 275 500
1200 75 18.5 75 173
1300 70 19.0 3 30

Table 2 Ceramic materials data used for analysis

Properties

Shells

CoreShell 1 Shell 2

E24,25/GPa 85 52 42
a26/61026 K21 8.2 5.1 10.4
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the superalloy individually. A magnification of Fig. 12 to
reveal what is predicted at very low strain level is given in
the top right of the figure. It is evident that very little
plastic strain is induced when the superalloy cross-section

is larger than the shell. However, when the shell thickness
is increased, the plastic strain is induced.

Because the plastic deformation is introduced at high
temperature and its rate of accummulation decreases

a strains built-up in uniaxial direction; b calculated stress
5 Stress and strain results from analytical method

a strain diagram of elasto-plastic model; b predicted plastic strain from analysis and FEM
6 Calculated strains from elasto-plastic model

a strain diagram of elasto-visco-plastic model; b predicted inelastic strain
7 Strains evolution during casting calculated by elasto-visco-plastic model
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markedly to a low level, one can summarise the results
succinctly on a processing map (Figs. 12 and 13). The
plastic strains quoted are determined at a final cooling
temperature of 200uC. One can see that the accumu-
lated plastic strain is rather low for an area fraction of

unity, but it increases quickly for smaller values as the
ceramic shell thickens. Comparing the behaviour of the
stiff and less stiff shells (shells 1 and 2, respectively),
one finds that the stiffer shell promotes plastic strain in
the metal and the less stiff shell allows a greater shell

8 Calculated a stress and b plastic strain energy calculated from elasto-plastic model

9 Variation of a stress and b strain energy with temperature simulated from elasto-visco-plastic model

10 Effect of cooling rates (0?1, 1 and 10uC s21) on a plastic strain and b creep strain simulated via elasto-visco-plastic

model
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thickness to be used for a given permitted plastic strain
level.

Effect of elastic ceramic core

Cores for investment cast superalloys are usually silica
based, and therefore, the shell 2 properties are appropriate
for modelling its effect. It is assumed that the superalloy
follows the elasto-visco-plastic model model.

The results given in Fig. 14 indicate that there is no
plastic strain if the superalloy is larger than the core; on
the contrary, if the core is larger than the superalloy,
then the plastic strain becomes more substantial. The
larger the ceramic core, the higher the strain within the
superalloy. However, the predicted plastic strains are
quite small, of the order 1025 or 0?001%.

Stress relaxation
Figure 15 shows the stress relaxation behaviour when
held at 1000, 1100 and 1200uC at different levels of ap-
plied stresses. Obviously, the stress relaxation is strongly
depended on the creep mechanism within the superalloy.
It can be seen from Fig. 15 that when we applied higher
stresses at lower temperature and lower stress at higher
temperature. Then, the stress is allowed to decline with
time, and it seems to relieve faster at first place and
slower later on for those three conditions: 400 MPa at
1000uC, 200 MPa at 1100uC and 50 MPa at 1200uC.

To clarify, time required for a half of applied stress is
one of the indication of the effect during casting.
However, ,3 h time is very relevant to solidification

11 Sensitivity of stress level within metal calculated by elasto-visco-plastic model to shell thickness

12 Variation of predicted plastic strain within metal cast in different shell thicknesses
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time during casting process. If this figure has been
considered and we make use of the previous calculation
results, it becomes clear that higher stress is expected to
take place at lower temperature. To show this effect,
relaxation behaviour has been simulated. Stress de-
creases very rapidly at 1000uC with 400 MPa applied
stress. In the medium range of 1100uC with 200 MPa
applied stress, the stress declines slower than 1000uC.
Nevertheless, at 1200uC with 50 MPa applied stress, it is
most likely that there is no siginificant change in stress
within a few hours time. It shows obviously that
temperature around 1000–1100uC is very pertinent to
cause stress relief and consequently it might cause some
cracks within the metal.

Conclusions

1. Finite element analysis of the investment casting of
a single crystal superalloy into a typical turbine blade
shape indicates that, for the aerofoil region, the thermal
mechanical contraction can be approximated as 1D.
Differential thermal contraction of shell and metal leads
to tensile and compressive loading of metal and shell
respectively.

2. One-dimensional semi-analytical models of a con-
strained bar of CMSX-4 have been made using three
distinct constitutive models—linear elastic, elasto-plastic

and elasto-visco-plastic model models—with different
shell and core conditions. For a perfectly rigid shell,
plasticity is predicted to occur in two regimes: between
1150 and 1000uC by creep time dependent deformation
and by time independent tensile straining below 650uC.

3. Assuming a shell system that remains elastic, the
plastic strain induced in the metal casting has been
predicted for the 1D situation. It is demonstrated that the
plastic strains induced can be significant. With increasing
shell thickness, the stress within the superalloy is
increased. Stiffer shells lead to greater strains in the
casting.

4. Shrinkage around a nominally elastic ceramic core
has been studied. This situation is analogous to the
strain induced on the inner surface of a turbine blade.
The sensitivity of the plastic strain induced to the
thickness of the ceramic core has been rationalised.

5. In general, the modelling reveals the importance of
correctly accounting for the high temperature deforma-
tion; plastic deformation initiates at high temperature
above 1100uC.

6. The 1D models provide the basis for further
development of two- and three-dimensional analysis,
which will be more representative of the true geometrical
features that are present in a typical turbine blade
casting. The presence of stress concentration features
and perhaps shell fracture during cooling are worthy of
further consideration.

13 Variation of area fraction with stress and plastic strain at 200uC in a shell 1 and b shell 2 (stiffer shell)

14 Predicted plastic strain from couple of superalloy and

core material
15 Stress relaxation behaviour at 1000, 1100 and 1200uC

with applied stress of 400, 200 and 50 MPa, respectively
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